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We present a general method suitable for automatic generation of trial wave functions for generalized valence
bond (GVB) descriptions of large molecules. This method uses pseudo-Hartree-Fock (P-HF) molecular
orbitals formed from HF atomic orbitals but without Fock matrix diagonalization. The occupied P-HF orbitals
are projected onto atomic basis functions to obtain GVB first natural orbitals, and the unoccupied HF orbitals
are projected to obtain GVB second natural orbitals. This method (denoted GVB-INIT) is fast because no
HF wave functions need be calculated and because the localization is piecewise atomic. In conjunction with
the recently developed GVB-DIIS method for converging GVB wave functions and the new pseudospectral
programs (PS-GVB) for the Fock matrix elements, GVB-INIT makes calculation of highly correlated GVB
wave functions quite practical. The efficacy of GVB-INIT is illustrated by application to several cases including
GVB wave functions with up to 26 correlated pairs.

1. Introduction

Essentially all methods for calculating the electronic wave
functions (Le., solving the Schrodinger equation) of atoms,
molecules, and solids use a first step involving optimization of
orbitals (atomic orbitals, molecular orbitals, or band orbitals).
The most common starting point for accurate wave functions
is the Hartree-Fock (HF) method in which a product of orbitals
and spins is antisymmetrized (using a Slater determinant) and
the orbitals optimized self-consistently (SCF for self-consistent
field). This might then be used as the starting point for obtaining
more accurate wave functions [configuration interaction (CI)
or perturbation theory] by including excitations where various
numbers of electrons are excited from the occupied orbitals of
the HF wave function to unoccupied or virtual orbitals.
An alternative approach is the generalized valence bond
(GVB) in which each pair of electrons is described
with two orbitals (rather than one, as in HF), the wave function
is generalized from a Slater determinant to a form that ensures
that both the Pauli principle and spin symmetry are satisfied,
and the orbitals are optimized self-consistently. In general, this
GVB approach leads'to twice the number of orbitals to be
optimized as in HF. The GVB orbitals generally localize
uniquely to regions near a bond or atom, and each pair can be
viewed as involving one orbital very similar to a localized
occupied HF orbital and the other involving a localized
unoccupied (virtual) HF orbital.'%* As with HF, many GVB
calculations are followed by some kind of CI. However, since
the dominant correlating orbitals have been solved selfconsistently, the GVB wave function often allows6 an accurate
description of the wave function to be obtained with very
compact CI's.
The two-electron interactions lead to nonlinearity in the
optimization of wave functions. Hence, critical to such SCF
methods as HF or GVB is prediction of good trial wave
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functions followed by an iterative approach that converges
quickly and reliably to the desired state.
For HF wave functions the trial wave function is generally
taken from an approximate or semiempirical HF based method
such as extended Huckel, CNDO/INDO, MINDO, etc. This
calculation is very fast and generally leads to adequate trial
orbitals. However, for GVB there is not yet an analogous
semiempirical method. Generally, GVB calculations have
involved constructing localized orbitals from localized HF
orbitals (both occupied and unoccupied). However, these
methods are not automatic and tend to be unreliable. In addition,
the HF and localization calculations can be almost as expensive
as the GVB calculations, making the total process unacceptably
expensive.
We present here a general rule-based approach, GVB-INIT,
that solves the problem of making reliable initial guesses,
providing excellent trial functions for general GVB wave
functions. Combined with the GVB-DIIS method for converging wave functions; this leads finally to an automatic procedure
for -calculating GVB wave functions.
Section 2 reviews the relevant aspects of the GVB wave
function, and section 3 outlines the new procedure. The results
are discussed in section 4.
2. The GVB-PP Wave Function

The GVB wave function generally involves a product of
orbitals with a general spin*function that is an eigenfunction
of the total spin operator [Px= S(S 11x1

x

+

aGVB

=

44i...4NxI

(2.1)

where -4 is the antisymmetrizer and both the orbitals and spin
functions are optimized. More commonly, the perfect pairing
(PP) restriction* is made in which each pair of electrons is
written as a valence bond (VB) pair

(4a4b + 4b#a)(@

- pa)

(2.2)

The GVB-PP formalism allows any number of electrons (2ncore)
to be described with doubly-occupied orbitals @
(),,.
and any
number of electrons, (nown)to be high-spin coupled (S = nopen/
2), leading to the composite wave function
0 1994 American Chemical Society
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The procedure we use is the following:
(a)Atomic HF Orbitals
For each atomic basis set
{x;"}, where A is the atom label, we define orthonormal HF
atomic orbitals
obtained from occupation-averaged
atomic Hamiltonians (so that orbitals of the same symmetry
are equivalent). This is done once and stored with the basis
set. The atomic occupation number ~} is associated with
each HF-AO. The orbitals are then sorted into core orbitals,
{
valence orbitals, {e:"'"}, and unoccupied orbitals,
The core orbitals are (1s) for the C row elements
and (ls,2s,2p) for the Si row elements. The valence orbitals
are (1s) for hydrogen atoms, (2s,2p) for C row elements, and
(3s,3p) for Si row elements.
@) VB Assignment. We next partition the electrons of the
system in terms of bond pairs, lone pairs, and core orbitals just
as in a simple valence bond structure. This can be done (i)
automatically using the autotyping features of commercial
molecular dynamics software (e.g., BIOGRAF/POLYGRAF8),
(ii) by drawing a molecule on a screen and attaching bonds, or
(iii) by inputting a list of atoms to be involved in various bonds,
lone pairs, etc. GVB-PP is oriented toward molecules with one
dominant valence bond structure, and we consider only this case
in this paper. GVB does not require that every bond pair be
correlated. In this case one designates which bonds are to be
correlated and second natural orbital (step section 4) are done
only for these.
( y ) Build Occupied HF-MO's
(yl) Core HF MO's. Each core HF-A0
is considered as a doubly-occupied HF MO {@p'"}.
(y2) Valence HF MO's. The remaining valence HF-AO's
{e:"'} are used to construct a subset of HF-MO's {&"'} as
follows: We construct the overlap matrix over all valence HFAO'S {e;"'},

{e}.

where

{e}

ncme

(2.4)

(2.5)

Here {&} and {&'} are orthogonal spacial orbitals and a and
?!, are spin functions.
The GVB orbitals in pair i are denoted as qId and.&I
Within
a pair, the GVB orbitals overlap, Si = (?/$&jbi). However, the
PP restriction requires that orbitals of pair i be orthogonal to
all other pairs (and to {&} and {$:}). For computational
purposes it is convenient to rewrite the GVB wave function
(2.6)

i= 1

{4r}.

where

are orthogonal GVB natural orbitals. Here the GVB configuration interaction (CI) coefficients satisfy

cui

-=--

cgi

1 - si
1 si

+

sij=

and

cg: + cu: = 1

(2.9)

3. Initial Guesses for GVB Wave Functions, GVB-INIT
The generation of the trial wave function is composed of two
steps: (i) In the first step a pseudo-HF (P-HF) trial wave
function (HF-INIT) is generated based on atomic HF orbitals.
(ii) In the second step, the GVB trial orbitals are obtained by
piecewise localization of the HF trial wave function to form
GVB-INIT. This is our standard GVB initial guess. Alternatively, one could use (i) as the starting point for a molecular
HF-SCF calculation, which could in turn be used in place of
the HF trial function for step two. However, use of the HF
optimum orbitals in (ii) generally saves only about one or two
iterations in the GVB-SCF calculation. In addition, for stretched
bonds or transition metal systems use of HF-SCF orbitals
sometimes gives worse results than using atomic based orbitals.
Hence, the extra expense of the HF SCF calculation is not
justified and is not normally a part of GVB-INIT.
3.1. HF-INIT. We find that the HF-SCF orbitals of the
individual atoms can be used to form an HF trial wave function
for a molecule. This is plausible since the molecular density is
not dramatically different from the sum of the atomic densities.
The problem is how to go from a set of atomic SCF orbitals
(SCF-AO) to a set of molecular orbitals (MO) without actually
solving the HF equations for the molecular orbitals.

e;"')

{OF}

(3.1)

where i j go over all valence atomic orbitals on all atoms. This
matrix is diagonalized, and the eigenvectors with the largest
eigenvalues are selected. The number to be selected, nocc,is
obtained by adding the atomic occupation numbers for the
various atoms and correcting by the total charge of the molecule.
The resulting {#:"}, which are not orthogonal, include the
combinations of HF-A0 having the largest overlap, a good first
approximation to the best bonding orbitals.
(y3) Form HF-INIT by Orthonomalizing the HF-MOs {&}.
Since the core orbitals were not included in the diagonalization
of the overlap matrix in y2, we now order the {#n} with the
core orbitals first (ordered by atomic orbital energy), then the
valence orbitals (ordered by eigenvalue from diagonalizing the
valence A 0 overlap matrix), and then Schmidt orthogonalize.
We refer to this set of occupied HF orbitals as the HF-INIT
space. It is an approximation to the HF wave function of the
molecule (which we do not calculate).
(y4) Create a New Set of Orthogonal Orbitals):7(
on Each
Atom. Here we want the atomic orbitals ordered according to
their projection onto HF-INIT. To do this we construct the
atomic density matrix over AO's
(3.2)
where em is the electron density of the occupied HF-MO's
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(3.3)
n=l

The associated eigenvalue problem to be solved is

Pc=PcyAA

(3.4a)

where
(3.4b)
is the overlap matrix over atomic basis functions. The HFprojected orthogonal orbitals {v:} are associated with the
eigenvectors {c,} . Near-unity eigenvalues indicate large projections onto the HF occupied orbitals space. At this point the
orbitals in 1(7):
are sorted by projections into core orbitals,
{ vrmA},
valence orbitals, {vidA}, and unoccupied orbitals,
The valence atomic orbitals will define the space
used to create the GVB orbitals for both bond pairs (section
1II.B) and lone pairs (section KC). For the 2nd GVB natural
orbitals, the unoccupied atomic orbitals will be used (section
1II.C).
3.2. GVB Bond Pairs. GVB-INIT uses a piecewise
localization to obtain trial GVB orbitals. Each pair of GVB
orbitals is generated independently. They are later combined
and symmetrically orthogonalized.
The most common case is a GVB bond pair localized between
two nearest-neighbor atoms. This is described by two GVB
orbitals [ly, and lybi of (2.6)], one localized on each atom, which
overlap. We construct instead the GVB natural orbitals [&i
and q5u~of (2.7)], which are orthogonal.
The task here is to choose the localized GVB natural orbitals
as suitable linear combinations of HF-MO's. The most
important characteristic of the GVB orbitals forming a bond
pair, (ly, and q b i ) , is the large overlap between them. The GVB
orbitals can thus be found by searching for the linear combination of the valence atomic projected HF orbitals {vidA}
(which will form +ai) and {vi""B}(which will form q b i ) so that
lyai and Wbi have maximum probability of sharing electron^.^
The procedure is as follows:
(6) Consider one by one each bond and its pair of atoms (A
and B). We will obtain one pair of orbitals {ly,} and { q b i }
for each bond between A and B.
(61) Evaluate the off-diagonal density matrix elements of the
occupied HF-MO's in the basis of the orthogonal valence atomic
orbitals {vydA} and {v;""}. This defines the bond space from
which we create the overlapping GVB orbital^:^

{rrmcA}.

(3.5)
(d2) Find the pair of unitary transformations,UAand UB,that
makes each orbital on atom A overlap with only one orbital on
atom B. This biorthogonalization processlo transforms the
density matrix PABinto a diagonal matrix AAB

( v A ) ' p U B=Am

(3.6)

where the largest diagonal element of A indicates the largest
overlap for the pair of localized orbitals (one each on atom A
and B). Since the matrix
is always nonsymmetric, (3.6) is
solved by singular value decomposition.
(63) Starting with the largest singular value of AAB,select
GVB-like orbitals (& an! &)i, as biorthogonal pairs. [Here
the bar indicates that the ly, contains only basis functions on
center A.] For multiple-bonded cases, select the appropriate

number of pairs. Generally the highest Am corresponds to a B
bond, the next two largest eigenvalues correspond to n bonds,
the next two to 6 bonds, etc.
(64) The two overlapping GVB orbitals of each pair (& and
Vbi) from 63 are combined to form the GVB natural orbitals
[& and
of (2.7)]. The actual GVB orbitals (Vg and Wbi)
will be linear combinations of the atomic +ai and V b i (?)ai =
where Ai 0.1) and thus the
w a i + A a & , i and V b i = '&,i -k
GVB-NO'S, (&i and &,), will be combinations of &i and +bi
as in (2.7) but with coefficients that are not f l . The 1st GVBNO is written as &pi = CaWai Cb&i where the coefficients Ca
and Cb are chosen to produce the largest projection onto the
occupied HF space. The 2nd GVB-NO, Cpui, is just the
orthogonal linear combination. This is done by solving the
corresponding 2 x 2 eigenvalue problem:

+

(3.7a)
where
(3.7b)
and
(3.7c)
Generally the projection of the 1st GVB-NO is very large
(A:?
> 0.95), and we replace the GVB-NO by its projection
to the occupied HF-MO space. On the other hand, the projection
of the 2nd GVB-NO is very small. Thus, the 1st GVB-NO
can be viewed as a linear combination of the initial occupied
HF-MO's whereas the 2nd GVB-NO corresponds to some linear
combination of the initially unoccupied MO's.
3.3. GVB Lone Pairs. For a molecule well described in
terms of a single valence bond structure, the above procedure
leads to an excellent starting guess for a full GVB wave function.
In this case lone pair orbitals (and core orbitals) of the wave
function remain doubly occupied (not correlated). However,
for many purposes it is also desirable to correlate the lone pairs.
In this case, the 1st GVB-NO consists of a localized lobelike
orbital (say, an sp3-like hybrid corresponding to an orbital
centered off the atom). The 2nd GVB-NO has the same overall
direction and location, but with a nodal plane passing through
the middle of the first NO, leading to an off-center p-like orbital.
With GVB-INIT we choose the lobe 1st GVB-NO from a linear
combination of the atomic valence orbitals {vi"'} not previously used in making GVB bond-pair orbitals. The lobe 2nd
GVB-NO is chosen as the linear combination of unoccupied
atomic orbitals
having the largest gradient matrix
element with the lobe 1st GVB-NO. The overall method is
summarized as follows:
(€1) Evaluate the overlap matrix between the valence
orthogonal atomic orbitals {T,I~"} in the subspace of the GVB
bond-pair orbitals involved with this atom:

{r,~r~~}

"W

I

y = 6, - (dI2l+m)(Gml v;)

(3.8)

where npbais the number of GVB pairs involving atom A and
{ Vm} are the GVB orbitals. The matrix
is diagonalized,
and the appropriate number of lobe 1st GVB-NO'S, {&k},
are chosen as the eigenvectors with the largest eigenvalue. If
there is more than one (e.g., 0, F), they are Boys localized to
obtain sp3-like orbitals.
(€2) The lobe 2nd GVB-NO'S, {q5?}, are formed by linear
combinations of unoccupied orthogonal atomic orbitals
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{qFoccA}having the maximum overlap with the gradient of
the 1st GVB-NO'S:

(3.9)
where the

globe

are the centroids of the lobe first GVB-NO'S:
(3.10)

The lllr - Rlob13 term was found useful to restrict the effect of
the gradient to a small region of space near the centroid location.
For computational simplicity the I/$ term was approximated
by an expansion over eight Gaussian s functions (see Table 7).
3.4. Symmetric Orthogonalization. So far we have
described how to obtain each pair of GVB natural orbitals
independently. We must now merge these GVB orbitals with
the existing HF orbitals. The procedure is as follows.
(ill) Symmetrically orthogonalize all 1st GVB-NO'S { + g i } ;
then symmetrically orthogonalize all 2nd GVB-NO'S {&}.
(il2) Form the remaining occupied orbitals by projecting out
the bond and lone pair 1st GVB-NO'S {+:?}
from the initial
set of HF-MO's, (4".
This is done by selecting the nearunity eigenvalues of the following matrix:

fy = 6, - (q~l4;?)(4;?l~4y)
n=l

(3.11)

(23) Combine all occupied GVB orbitals in the following
sequence: (i) all doubly occupied orbitals (core, uncorrelated
lobe, and bonding orbitals), (ii) all the 1st GVB-NO'S
(iii) any singly-occupied (high-spin) molecular orbitals, and (iv) all 2nd GVB-NO'S {+:"'}.
(24) Schmidt orthogonalize the 2nd GVB-NO'S to all doublyoccupied orbitals and redo the symmetric orthogonalization of
the 2nd GVB-NO'S to remove any overlap between the 2nd
GVB-NO'S introduced by the Schmidt orthogonalization.
In steps ill and i14 it is important to use symmetrical
orthogonalization in order to preserve symmetry between the
GVB orbitals for equivalent bonds. The 1st GVB-NO'S are
symmetrically orthogonalized independently of the 2nd GVBNO since the former have much larger occupation.
Summarizing, the sequence of steps and notation is as
follows: (i) The atomic basis functions are {xll}. (ii) The atomic
HF-SCF orbitals are
where
are the occupation
numbers. Step a. (iii) The molecular orbitals of the HF-INIT
wave function are {b}.This contains only the occupied MO's
for the HF wave functions. Steps ill, y2, and y3. (iv) Atomic
projections of the HF-MO's are (7;).
These are sorted into
core, valence, and unoccupied orbitals according to occupations.
Step 74. (v) Bond pairs (if correlated): 1st and 2nd GVB-NO
{+zvB> and {&v'} are formed by combining the {&,&,j}
obtained by maximizing the overlap between the {q;} and
{q:} valence orbitals. Steps 61, 62, 63, and 64. (vi) Lone
pairs (if correlated): 1st GVB-NO {+lokA} selected from
- GVB
valence orbitals {1;1,'"'~) after eliminating gr{Wgi
} on center A;
2nd GVB-NO {+yA}
obtained from unoccupied orbitals
{ v y A } by maximizing overlap with gradient operator applied to {+?}.
Steps €1 and €2. (vii) Symmetric orthogonalization with highest occupations first (steps 11, il2,23, and
24) to form GVB-INIT.
Computationally, the method described above is very efficient. The most time-consuming steps are the construction
of the projection operator over the HF orbitals, the construction

{+y},

{e},

ft

TABLE 1

(a) Population Difference nocc - nguess[See Q 4.11 between Initial
and Converged HF Wave Functions
no. of
occupied
orbitals HF-INIT GAUSSIAN90

molecule
water
formaldehyde
ethylene
SizHs
glycine"
glutamineb

m'

porphined

5
8
8
17
20
39
52
81

0.149
0.167
0.141
0.297
0.455
0.808
0.819
1.213

0.066
0.084
0.077
0.249
0.224
0.454
0.707
0.832

geometry
STO-3G optimized
STO-3G optimized
ref 14
STO-3G optimized
STO-3G optimized
ref 15
6-31G** optimized
ref 16

(b) Initial Energies (hartrees) Produced by HF-INIT and G90-INIT
molecule

_______

~

water
formaldehyde
ethylene
Si&
glycine
glutamine
TTF
porphine
a

HF-INIT
~~~

GAUSSIAN90

~~

-75.608
-113.420
-77.629
-580.892
-28 1.625
-526.308
-1818.091
-979.832

-75.761

-113.451
-77.621
-579.613
-28 1.713
-526.330
- 1815.625
-978.393

See Figure la. See Figure lb. See Figure IC. See Figure Id.

and diagonalization of the matrix Pm of (3.11), and the final
Schmidt orthogonalization. All three steps scale as @. Note
that this method does not require a global localization of all
the orbitals of the molecule"J* (an iterative process) but only
piecewise noniterative localization based on simple chemical
bonding ideas.

4. Results and Discussion
The GVB-INIT method described above has been used as
the starting point for a number of studies of various wave
functions. In particular, a recent paper' on GVB-DIIS uses it
for a number of systems, including glycine correlated with up
to 10 GVB pairs. In this paper we have concentrated on making
comparisons between the GVB-INIT wave functions and the
converged wave functions in order to assess the soundness of
the approach.
4.1. Hartree-Fock SCF Calculations. In Table 1 we
compare the efficacy of the HF initial guess method defined in
section III.A (called HF-INIThereafter) with that of the standard
initial guess from13GAUSSIAN90 (G9O-INTT). All calculations
used the 6-3 1G** basis sets with the geometries14-16 specified
in Table l a and Figure 1. As a measure of the efficacy, we
evaluate the overlap population between the initial guess wave
function and the final SCF wave function. The overlap
population, nguess,is defined as follows
(4.1)
where the { F are
} occupied orbitals of the initial guess
wave function and and the {+"sCF)
are occupied orbitals of
the final HF-SCF wave function. Thus 0 5 nguessInocc. The
initial energies from HF-INIT and G90-INIT are given in Table
lb. For smaller molecules G90-INIT is better by up to 0.16
hartree (water) while for larger molecule HF-INITis better by
up to 2.4 hartrees (TTF).
The test cases shown in Table 1 include small and intermediate sized systems up to porphine (with 81 occupied orbitals and
430 basis functions). Both methods do quite well with overlaps
between the initial guess orbitals and the final SCF orbitals
always greater than 98%. The average error per orbital is 1.2%
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TABLE 2: Description of GVB-PPWave Functions Used
for Tests,Including the Number of Iterations to
Convergence from GVB-INITto an Energy Criterion of 5

a) Glycine
/OH
NHz/CH2-c

b) Glutamine

H

I

$- - ,C-2
H
C,

molecule
water
water
formaldehyde
formaldehyde
formaldehyde
ethylene
ethylene
glycine

O
\\ ,C-CHo

NH;
c) Tetra thio fulvelene

d) Porphine

hartrees

x

O\

glycine
glycine
TrF
TTF
porphine

7

H

\c-c

no.
GVB
of no. of pair distribution
pairs iterations u x lone

7
9

2
2
1
3
3
1
5
4

0
0
1
1
1
1
1
1

9
11
9
11
14

9
9
15
15
11

1
1

0

3
3

0
8
0

2
4
2
4
6
2
6
5

7
9
8
7
9

10
15
18
26
22

6

11

0
2
0
0

2
0
0
0

5

pair correlated
allbondpairs
allbondandlonepairs
COdouble bondpairs
allbondpairs
allbondandlonepairs
CCdoublebondpairs
allbondpairs
allNC,CC,CC,CO
bond pairs
allbondpairs
allbondandlonepairs
all bond pairs
allbondandlonepairs
alldoublebondpairs

Using the PS-GVB electronic structure program (see ref 17) with
GVB-DIIS.

”

\

“
I
\p“
‘H
NI

,c\\/
H

H

H

Figure 1.

for GAUSSIAN90, which is slightly better than the value of
1.7% for HF-INIT.
Given the simplicity of the HF-INIT method it is encouraging
that the accuracy is almost as good as the semiempirical method
used in GAUSSIAN90, particularly since HF-INIT involves no
adjustable parameters while the semiempirical approach in G90INIT includes some parametrization.
The success of HF-INITvalidates the basic hypotheses that
(i) the molecular density is not significantly different from the
sum of the atomic densities and (ii) the HF-INIT orbitals can
be selected out of the space spanned by the valence atomic
orbitals by choosing the linear combination of valence atomic
orbitals with maximal overlap.
It should be noted that the HF-INIT orbitals are different than
the orbitals (HF-DENS) obtained by diagonalizing the sum of
atomic densities. For HF-DENS the sum of atomic densities
is given by

A=l

n=l

where n,,(A) is the number of occupied HF-A0 on atom A. In
this case associated initial guess orbitals would be the eigenvectors of the corresponding eigenvalue problem:
Pc = Scy

(4.3a)

with
(4.3b)
and

where the {xp} are the molecular basis functions. The occupied
orbitals are chosen according to their eigenvalue which correspond to projection onto the space formed by @avenge. Those
density selected orbitals, HF-DENS, are different from the HFSCF orbitals by the same amount as the HF-INIT orbitals, Le.,
an average orbital error of 1.7% when compared with the
converged HF-SCF orbitals, but the average difference per
orbital between the HF-INIT wave function and the wave
function coming from the density selected orbitals is 1.3%.
4.2. GVB-SCFCalculations. The GVB-INIT approach has
been applied to a variety of molecules and wave functions, as
summarized in Table 2. Most systems converge in less than
12 iterations. We use two criteria to assess the soundness of
the approach.
1. Orbital Space: (a) how well GVB-INIT separates the
space of core orbitals from the space of 1st GVB-NO’S, and
(b) how well GVB-INIT separates the space of 2nd GVB-NO’S
from the space of unoccupied orbitals. We test these by
comparing the initial guess orbitals to the final SCF orbitals. In
this orbital space test, we consider only the space of 1st GVBNO’S(or 2nd GVB-NO’S)and do not distinguish if the 1st GVBNO’S (or the 2nd GVB-NO’S) are mixed together by some
unitary transformation.
2. Orbital Pairs: how well each 1st GVB-NO (or 2nd GVBNO) from GVB-INIT compares with the self-consistent GVB
orbitals.
The orbital space efficacy for GVB-INIT (separating core
orbitals from the 1st GVB-NO’S and the 2nd GVB-NO’S from
the unoccupied orbitals) is given in Table 3 for all systems
studied.
4.2.1. Use of GVB-INIT. The efficacy for each set of
orbitals (core orbitals, 1st GVB-NO’S, 2nd GVB-NO’S) was
defined as nguess/norbswhere nohs is the number of orbitals in
that set and nguessis defined in eq 4.1. For orbital space
separation of the core orbitals from the first GVB-NO’S, the
efficacies range from 77% to 98% for GVB-INIT. For the
second GVB-NO orbital space, the GVB-INIT efficacies range
from 82% to 96%. This indicates the advantage of obtaining
the second GVB-NO’Sdirectly from the first GVB-NO’S (as in
the GVB-INIT).
More relevant for convergence is the orbital pair criterion,
that is, how well each GVB-NO is predicted. To assess this,
we evaluate the sum of populations over the 1st GVB-NO’S or
the 2nd GVB-NO’S.
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TABLE 3: Efficacies for GVB-INIT
molecule
water
water
formaldehyde
formaldehyde
formaldehyde
ethylene
ethylene
glycine
glycine
glycine

TTF
TTF
porphine

no. of
electrons

no. of
GVB pairs

10
10
16
16
16
16
16
40
40
40
104
104
162

2
4
2
4
6
2
6
5
10
15
18
26
22

orbital space efficacies (fraction)
core orb
1st GVB-NO
2nd GVB-NO
0.7862
0.9629
0.8085
0.8831
0.9737
0.8980
0.9766
0.7715
0.8696
0.9693
0.8954
0.9670
0.8667

0.8632
0.9998
0.9272
0.9008
0.9998
0.9522
0.9999
0.9118
0.8827
0.9998
0.9485
0.9996
0.9435

0.8432
0.8935
0.8978
0.9084
0.9180
0.9654
0.9375
0.8906
0.9005
0.9124
0.9249
0.8208
0.9445

orbital pair efficacies
1st GVB-NO
2nd GVB-NO
1.547 (77.3%)
3.435 (85.9%)
1.617 (80.8%)
3.530 (88.2%)
5.523 (92.0%)
1.796 (89.8%)
5.858 (97.6%)
3.853 (77.1%)
8.647 (86.5%)
13.542 (90.3%)
16.061 (89.5%)
23.891 (91.9%)
19.021 (86.5%)

1.681 (84.0%)
3.349 (83.7%)
1.795 (89.7%)
3.633 (90.8%)
5.269 (87.8%)
1.930 (96.5%)
5.624 (93.7%)
4.447 (88.9%)
8.975 (89.7%)
13.105 (87.4%)
16.623 (92.3%)
20.921 (80.5%)
20.737 (94.3%)

The orbital space efficacy is given as the fraction of the total. Thus, for porphine there are 162 electrons, of which 118 are doubly occupied
and 44 are in GVB pairs. The 94.35% for the core orbitals implies that nocc= 55.67 out of 59, while the efficacy for GVB-NO'S is nocc= 0.8667
x 22 = 18.07 for the 1st NO and nocc= 0.9445 x 22 = 20.78 for the 2nd NO. The orbital pair efficacy is the sum of populations between initial
and converged wave functions (in noccunits). Thus, for porphine the average projection is 86.46% for first NO and 94.26% for second NO.

TABLE 4: Same as Table 3 Except Using Boys Localization Instead of GVB-INIT
molecule
water
water
formaldehyde
formaldehyde
formaldehyde
ethylene
ethylene
glycine
glycine
glycine

TTF
TTF
porphine

no. of
GVB pairs

core orb

2
4
2
4
6
2
6
5
10
15
18
26
22

0.9201
0.9998
0.9570
0.995 1
0.9998
0.9732
0.9999
0.9244
0.8866
0.9998
0.9594
0.9996
0.9647

orbital space efficacies
1st GVB-NO
2nd GVB-NO
0.8813
0.9629
0.8992
0.9379
0.9737
0.9630
0.9766
0.8154
0.8750
0.9693
0.9162
0.9670
0.9242

0.4607
0.4904
0.7039
0.6562
0.5983
0.7508
0.6004
0.6622
0.6014
0.5549
0.7077
0.6399
0.6946

(4.4)

{$r}

where the
are GVB-NO'S of the initial guess wave
function and the { I # J ? ~ - " ~ are
} GVB-NO'S of the final HFSCF wave function.
The results in Table 3 show that GVB-INIT gives excellent
orbital pair results for both the 1st GVB-NO'S and 2nd GVBNO's. The average error per GVB orbitals for the 1st NO ranges
from a high of 23% for water to a low of 2% for ethylene. As
the number of GVB pairs is increased for a given molecule,
the average error always decreases. This indicates that GVBINIT performs best when the entire valence space is described
with GVB pairs (including lone pairs).
For the 2nd NO, the range of the average error (4-16%) is
similar to the 1st NO, but the dependence of the number of
GVB pair is different. The presence of the lone pair GVB
orbitals always increases the average error. This means that
the second GVB-NO'S for lone pairs are less accurately
predicted. This is indicated by evaluating the average error per
orbital for each type of GVB pair.
For example, glycine with 15 GVB pairs leads to an average
error per orbital of 8.1% for bond pair 1st GVB-NO'S, 13.0%
for lone pair 1st GVB-NO'S, 11.7% for bond pair 2nd GVBNO's, and 48.2% for lone pair 2nd GVB-NO'S. Unlike the
bond pair 2nd GVB-NO'S, the lone pair 2nd GVB-NO'S are
not constructed directly from the first GVB-NO'S. In the bond
pair case, the first GVB-NO and second GVB-NO are obtained
from the set of two localized atomic orbitals centered on the
nearest-neighbor atoms. The first GVB-NO corresponds to the

orbital pair efficacies
1st GVB-NO
2nd GVB-NO
1.756
3.724
0.899
2.836
4.807
0.963
4.867
3.168
7.816
11.662
13.501
17.749
10.839

0.919
1.419
0.704
1.918
2.501
0.782
2.883
3.252
5.944
7.139
10.447
13.897
09.040

GVB-BOYS
1st GVB-NO
1.756
3.724
1.798
3.744
5.761
1.926
5.851
4.470
9.112
14.053
16.434
24.095
19.626

bonding orbital and the second GVB-NO to the antibonding
orbital. For lone pair, we have only one atomic-centered orbital
involved from which we can only construct the first GVB-NO.
The second GVB-NO must be obtained by some extra criterion.
The guiding principle is that the first GVB-NO is dominated
by s character and the second GVB-NO is p-like and pointing
away from the nucleus in the direction of the centroid for the
first GVB-NO. Two simple operators, the dipole moment and
the gradient, can be used to transform an s-like orbital to a p-like
orbital. If the s-like orbital is composed of a single s Gaussian
function, then the two operators will generate the same p-like
orbital. If the s-like function contains many different Gaussian
functions, the p-like orbital generated by the gradient operator
emphasizes the tight Gaussian functions more than the dipole
moment operator. The effect of these operators is limited to
the small region of space around the 1st GVB-NO centroid by
multiplying the operator by lllr - Rlobeln. We find that the
best results are obtained with the gradient operator and n = 3;
see Table 5 .
Above we compared directly the initial guess wave function
to the final SCF wavefunction. A second important criterion
is the rate of convergence obtained with the initial guess wave
functions. In Table 6 the GVB-INIT guess is used for three
different convergence methods in the case of formaldehyde with
four GVB pairs. The convergence criterion requires the sum
of square of change in the orbital coefficients to be less than
10-9:

(4.5)
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TABLE 5: Efficacies for Lone Pair Second Natural
Orbitalu
molecule

no. of
GVB airs onerator n = O

power of llr“
n =1 n =2

orbitals is easy since the electron distributions are consistent
with simple valence bond structures. Assigning the 2nd GVBNO’S in terms of Boys localized orbital becomes very difficult
since the 2nd GVB-NO’S must be localized in the same region
as the corresponding 1st GVB-NO.
Table 4 shows that the Boys method is slightly better than
GVB-INIT for orbital space separation of the core orbitals from
the first GVB-NO’S. The Boys efficacies vary from 81% to
98% for the first GVB-NO’S, whereas the efficacies vary from
77%to 98% for GVB-INIT. The advantage of the Boys method
is largest when only some valence orbitals are correlated. When
all possible bond and lone pair orbitals are correlated, then the
core space is reduced to the inner core orbitals, and the Boys
and GVB-INIT methods become equivalent for the core orbitals
and the first GVB-NO’S. The reason for the slight disadvantage
with GVB-INIT is that the first GVB-NO’S are formed from
projections without any mechanism to deliberately make the
orbital localized. Of course, GVB-INIT does automatic assignment of the orbitals whereas this was done manually for
Boys.
For the second GVB-NO orbital space, the GVB-INIT method
is markedly superior to the Boys method. Here the Boys
efficacies range from 46% to 75%, whereas the GVB-INIT
efficacies range from 82% to 96%. This indicates that the
second GVB-NO’S should be obtained directly from the first
GVB-NO’S as in the GVB-INIT method. In the Boys method,
the localization principle does not necessarily lead to 2nd GVBNO’S that correspond well with the first GVB-NO’S.
More relevant for convergence is the orbital pair criteria, eq
4.4. For both the first GVB-NO’S and second GVB-NO’S,the
GVB-I” method gives much better orbital pair results than
the Boys method. [The single exception is for the first GVB
NO’S of water.] One problem with Boys localization is that
double bonds and triple bonds become “banana”-like bonds with
two or three equivalent bonds, whereas the optimum GVB-NO’S
generally have the character of CJ and z orbitals. A similar
situation occurs for the lone pair orbitals on oxygen and sulfur
atoms where Boys localization sometimes selects the opposite
set of lone pair orbitals.
That Boys localization for water is better for the orbital space
of 1st GVB-NO’S, which indicates that choosing the most
localized orbitals within the 1st GVB-NO space might lead to
better trial GVB orbitals. This is referred to as GVB-BOYS.
To test this hypothesis, we performed a series of calculations
where the Boys localization is followed by simple linear
combination of the 1st GVB-NO’S in order to reproduce the
GVB-INIT orbitals as closely as possible. This consistently
gives the best results (see Table 4 under the GVB-Boys
heading).
In all cases the GVB-INIT initial guess leads to much better
convergence, eq 4.5,than Boys localization (see Table 6).

n= 3

’

water

4

formaldehyde

6

glycine

15

TTF

26

dipole
1.857 1.762
gradient 1.809 2.007
dipole
3.856 3.840
gradient 3.766 3.882
dipole
9.383 9.292
gradient 9.221 9.630
dipole 17.132 16.609
gradient 16.972 18.244

1.627
2.826
3.730
3.949
9.010
10.722
17.492
20.452

1.760
3.334
3.746
4.147
9.401
11.477
16.549
20.724

“This is defined as the sum of populations between initial and
converged second GVB natural orbitals. n is the exponent in eq 3.9.

TABLE 6: Number of Iterations for Converging the GVB
Wave Functions of Formaldehyde
trial
function

no. of
GVB airs

GVB-INIT
Boys
GVB-INIT
Boys

2
2
4
4

convergence method”
GVB-DIIS GVB2P5 GAUSSIAN90
15
216
15
216

Convergence criterion of
converged after 300 iterations.

28
83
58
>3w

34
95
69
>3 w

Converged to nearest root. Un-

(I

In all cases the GVB-INIT initial guess leads to excellent
convergence, with the fastest convergence obtained using the
GVB-DIIS method.
4.2.2. Boys Localization and GVB-Boys. As an altemative
to GVB-INIT, we have considered Boys localization” of the
occupied orbitals from HF-INIT to form core orbitals and 1st
NO’S and Boys localization of the unoccupied orbitals for HFINIT to form 2nd NO’S. [Boys localization maximizes the
distances between the centroids of the various orbitals.]
In order to have as close as possible a comparison between
GVB-INIT and the Boys method, the Boys orbitals were
obtained as follows: (1) A Boys localization was performed
on the HF-INIT guess orbitals with the unoccupied orbitals
localized independently from the occupied orbitals and the inner
core orbitals (Le., 1s orbital for C, N, 0 atoms and Is, 2s, 2p
for S atoms) kept frozen from HF-INIT. (2) The separation of
the core orbitals from the 1st GVB-NO’S and the 2nd GVBNO’S from the unoccupied orbitals was done by selecting the
Boys orbitals having the maximum overlap with the SCF
orbitals.
For Boys localization one needs some form of analysis of
the location and composition of each Boys orbitals in order to
properly assign which are core orbitals and which are lone pairs
or 1st GVB-NO’S. GVB-INIT automatically does this assignment. For the tests we did this analysis for Boys by hand. For
all systems studied here the assignment for the Boys localized

TABLE 7: For Computational Simplicity the l/P Terms Used in Obtaining the Lobe Second GVB-NO’S in Step €2 Are
Represented by an Expansion over Eight Unnormalized Gaussian Functions,
l

8

r“

i=l

- = Ce-+Ci
a

llr

I/$

1/P

llr4

0.1
0.3
0.9
2.1
8.1
24.3
72.9
218.7

1.306 843 88
-1.784 365 54
3.556 331 02
-2.773 267 67
6.266 879 83
-1.276 731 07
5.887 516 94
20.283 583 83

0.265 230 22
0.288 542 06
-0.038 622 20
8.826 3 852 6
-16.84 2 755 57
129.72 6 918 39
-287.533 946 28
1201.461 779 54

-2.069 809 60
15.751 962 06
-74.135 563 64
327.117 677 48
-1284.246 761 30
5275.259 827 38
-17199.924487 36
48908.533 565 32

-102.104 369
744.469 961
-3589.785 994
15351.157 764
-62488.952 048
244239.329 549
-839793.781 169
2085688.141 678

Wave Functions for Generalized Valence Bond Theory

5. Conclusions
The GVB-INIT method of obtaining initial guesses for GVB
wave functions is inexpensive (using only piecewise localization) and yet provides trial guesses very close to the fmal orbitals
with the correct localization properties for GVB wave functions.
GVB-INIT together with GVB-DIIS provides a robust
automatic procedure to obtain wave functions describing bond
distortion and dissociationprocesses for large molecules. These
highly correlated wave functions can also be used to calculate
molecular properties such as charges, dipole moments, and
solvation energies.
The GVB-INIT automatic scheme for GVB trial wave
functions and the GVB-DIIS convergence scheme are implemented in the PS-GVB electronic structure program,” allowing
automatic GVB calculations on very large systems.
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